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X COEFFICIENTS OF ASSOCIATED
LEGENDRE FUNCTIONS

A large class of physical problems involving arbitrary data over
spheroidal surfaces requires periodic integrals that satisfy Laplace's differen-
tial equation and also have the capacity for giving the solution at every point in
space. The associated Legendre functions can often meet this requirement be-
cause they are orthogonal spherical surface harmonics and, therefore, appear as
angular solutions to many potential and allied problems for spheroidal bodies,
including the triaxial ellipsoid. A special feature is their flexibility toward
fulfilling such surface boundary conditions as a space between two concentric
spheres or two coaxial cones, sections cut out of spherical surfaces by two
diametral planes, or free vibrations of a spherical surface layer of air
bounded by a circle.

These linearly independent solutions arise from Legendre's associated
differential equation which, morphologically, is a specialization of Riemann's
general second order equation

d’u +[1-a-a' ,1=B-BY 1-7-7'] du
Z

d—f z-a z-b Z=0r dz

s [aa'(a—b)(a—c) N B3"(b~c) (b-a) . yy'(c-a)(c—b)] u

z-a z-b z-C (z-a)z-b)(z-¢c) ~ 0

with singular coefficients at » = a, b, ¢ subject to the condition that
ot a'+B+S'+y+y' = 1, and denoted by the scheme

The special case
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u = p - 'é‘l/ &“ 0 1 _ 22
2T IR ETRN
defines Legendre's differential equation
(1-72) dz_u - 22@ +lv(y+1) - _yz_ u= 0
“ Azt dz 1-22 -

with solution singularities at z = +1,0 as ordinary branch points. When y and v
are integers and z is real, the equation takes the form

d2u du ‘ 1’1'12 I
2y =— _ kol _ -
(1 X) 12 2x i +n(n+1) ‘2 u= 0

with no structural change for m = -m., Thus, two pairs of linearly independent
solutions are possible, denoted symholically by P?(x), Qnm(x) an.
P;m(x), Q;lm(x). The first pair is called associated Legendre functions of

the first and second kinds, respectively, of order m and degree n. The
second pair is related to the first by the formulas

M) (n-m)! m

pn " (n+m)! pn x)
-m, ., (n-m)! m
Qn (x) = (n+m)! Qn (x) ’

The solution Prrln(x) for positive m,n is of special interest and is the subject of

this report, It has a power series expansion of the form



m, ., (2n)! sym/2 | n-m (n-m)n-m-1) n-m-2
P (x) = - (1-x°) [x ~ T a(en-1)
2" n! (n-m)!?
4 (n-m)(n-m-1)(n-m-2)(n-m-3) n-m-4 for m<
2. 4. (2n-1)(2n-3) te .o lorm=n

which terminates as a finite polynomial with n-m real, unrepeated sym-
metrically located zeroes 'n the interval -1< x< 1,

Because an(x), P;m(x) share the same zeroes, they can be made to

vanish simultaneously for certain n,x combinations compatible with arbitrary
surface boundary conditions. Sometimes they occur together in the form

Anan(x) + BnP;m(x). For a boundary X and fixed m, an n can be found that

will make this term zero.

Coefficients for le(x) are presented as Table 1, followed by two

cross-referenced listings of zeroes (Tables 2 and 3) giving information con-
cerning the nature and distribution of the roots, The Legendre polynomials
yield root pairs of equal and opposite sign except for zero roots which occur
singly. The first listing has only the positive and zero members in the
interval 0= x <1; the second is restricted to the positive nonzero members
only in the interval 0<x<1,
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TABLE 1, ASSOCIATED LEGENDRE FUNCTIONS

The coefficients for the explicit forms of the associated
m
Legendre functions Pn"‘) for integer values of m,n = 0,1,-.:25

are given in table form.

The recurrence relations were derived from the formula

P:'"+ ,(X) = n—_+m—2-E2"+3)x P:,n+ (x) =(n+m+ I)P:‘(’(i] with the
d(nu»n) (X’— l)n
75."‘_*"’[ 2" ni l '

1
The factor (1—x?)2 has been omitted for m odd. For example,

help of the definition [Ph(x)=(1 - x?)?

3 P3 Numerator 105

the table for Ps(") reads 5 Denominator 2
0 -52.5 -1

2 525. 10

4 -472.5 -9

The function is Pg(x)=(—52.s+szsx2—472.sx‘)(l—x’)’ or
!
Pg(x)zl—%?-(-i +|ox’—9x‘)(|—x’)7 where the k column gives
the power of X, the @) column gives the unfactored coefficients,

and thebkcolumn gives the integer coefficients, the greatest

common divisor (called Denominator) and the greatest common

factor (called Numerator) having been taken out. The highest
105

common factor here is Tg~ ¢
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